CMB Stage-4 experiments will reduce the uncertainties on the gravitational lensing potential by an order of magnitude compared to current measurements, and will also produce a SunyaevZel'dovich (SZ) cluster catalog containing ∼ 10 5 objects, two orders of magnitudes higher than what is currently available. In this paper we propose to combine these two observables and show that it is possible to calibrate the masses of the full Stage-4 cluster catalog internally owing to the high signal to noise measurement of the CMB lensing convergence field. We find that a CMB Stage-4 experiment will constrain the hydrostatic bias parameter to sub-percent accuracy. We also show constraints on a non parametric Y − M relationship which could be used to study its evolution with mass and redshift. Finally we present a joint likelihood for thermal SZ (tSZ) flux and mass measurements, and show that it could lead to a ∼ 5σ detection of the lower limit on the sum of the neutrino masses in the normal hierarchy ( mν = 60meV) once combined with measurements of the primordial CMB and CMB lensing power spectra.
I. INTRODUCTION
The number of galaxy clusters as a function of mass and redshift is a prediction of the LCDM model, and by accurately reconstructing the cluster mass function we can put constraints on cosmological parameters such as the matter density Ω m , the sum on the neutrinos masses m ν and the normalisation of the linear matter power spectrum σ 8 . This observable has recently gained a vivid interest following the publication of the Planck cluster catalog (≈ 10 3 clusters) and the slight discrepancy between cosmological parameters inferred from the primary CMB and from the distribution of cluster masses [1, 2] .
A classical method to estimate cluster masses is to use measurements of the Compton-y parameter, a measurement of the integrated flux of the thermal SunyaevZel'dovich effect at the position of the cluster. The size of the effect is proportional to the total thermal energy of the cluster gas and is therefore correlated with cluster mass [3] [4] [5] . This Y − M scaling relation has traditionally been determined empirically from X-ray observations of clusters [6, 7] . However, X-ray-inferred cluster masses rely on the assumption that clusters have reached hydrostatic equilibrium, and departure from this equilibrium can bias the estimated cluster masses. Physical phenomena causing this departure include bulk motions in the gas or non-thermal sources of pressure (such as magnetic fields or cosmic rays). Numerical simulations have shown that this can lead to an underestimation of the true cluster masses by 10 to 15 % [8] [9] [10] . Moreover, instrumental systematics in the X-ray analysis could propagate into the cosmological results [11] , and an independent method for calibrating the scaling relation is extremely valuable.
Following the first detections of CMB lensing by clusters [12, 13] , a new method for self-calibrating the cluster masses using measurements of the lensing convergence at the cluster positions has recently been proposed [14] . It has been demonstrated on simulations and successfully applied to Planck data resulting in a 5σ measurement of the hydrostatic bias parameter [2] . The aim of this work is to discuss extensions of this method in the era of CMB Stage-4 (S4), a next-generation CMB experiment that will achieve a cosmic-variance-limited reconstruction of the convergence field up to multipoles ∼ 1000.
This paper is structured as follows. In Section II we describe our cluster lensing model as well as a maximum likelihood estimator for the cluster masses from a lensing convergence map. We also discuss the impact of possible foregrounds contamination and atmospheric noise. In Section III we propose two parametric methods to calibrate the Y − M relationship using cluster lensing. First we forecast constraints on the hydrostatic parameter following the method proposed in [14] , and then extend the formalism and forecast constraints on more general scaling relations, including a non-parametric model that can be used to study the mass and redshift dependence freely. In Section IV we study how the availability of joint tSZ and lensing mass measurements improves the cosmological constraints achievable by a cluster survey carried out with S4 by consistently accounting for the uncertainties in the Y − M scaling relation. We summarise our main conclusions in Section V.
Throughout this paper we adopt a fiducial cosmology with Ω m = 0.315, Ω b = 0.049, Ω Λ = 0.685,
, n s = 0.96 and τ = 0.06, compatible with [15] . We will use cluster masses M 500 defined as the mass measured within a radius R 500 that encloses a mean density 500 times larger than the critical density at the cluster redshift. We will also estimate the number density of haloes as a function of mass using the measurements of the mass function by [16] .
II. CLUSTER LENSING MODEL
The potential of CMB lensing to determine cluster masses has been long recognised [17] [18] [19] [20] . In this sec-tion, we follow [14] and describe a maximum likelihood estimator for clusters masses based on measurements of the lensing convergence map. We then discuss the noise properties of CMB Stage-4, and the possible contamination of the lensing field reconstructed from temperature data due to atmospheric noise and foregrounds.
A. Matched filter estimate of cluster masses
We start by modelling the cluster mass distribution using a NFW profile [21] ρ(x) = ρ 0 (c 500 x r )(1 + (c 500 x r )) 2 ( 1) where ρ 0 is the central mass density, x is a dimensionless radial variable x r = r/R 500 and c 500 is the concentration parameter. In what follows we will use a constant concentration c 500 = 1.18. The halo lensing convergence can be related to the cluster surface mass density via κ(x) = Σ(x)/Σ crit , where
Here d L , d S , and d LS are the angular diameter distances to the lens (the cluster), the source (the CMB) and the angular diameter distance between lens and source. Consider now a patch centered on a galaxy cluster of mass M 500 , our data model for the convergence map at the cluster position is
with θ 500 ≡ R 500 /d L (z). κ 5θ500 is the convergence integrated on a disc of radius 5θ 500 , which can be simply related to the cluster column mass in a cylinder of radius 5R 500 , M 5R500 = d 2 L Σ crit κ 5θ500 [2] . U κ (x) is the normalised cluster convergence spatial template, defined as
and n κ (x) is a stochastic noise term, containing contributions both from the lensing reconstruction noise and from the lensing signal arising from other structures along the line of sight. The latter component is modelled here as a Gaussian field with the standard ΛCDM power spectrum C κκ ( ). A minimum variance estimator for κ 5θ500 can be obtained aŝ
where N κκ is the noise power spectrum, n κ ( )n * κ ( ) = δ( − ) N κκ ( ), and the variance onκ 5θ500 is given by Note that σ 2 (κ 5θ500 ) is linearly related to the variance on the mass measurement
B. Noise on the convergence maps
Lensing generates off diagonal correlations between different CMB multipoles. The standard approach to reconstruct the convergence field is to form quadratic estimators from the lensed CMB maps X ( )Ỹ * ( ) ∝ κ XY ( + ) [22, 23] . Given a set of experimental specifications (noise level and beam size) it is possible to predict the expected reconstruction noise on the convergence field. We will study two different reconstruction schemes:
• Full reconstruction where the five quadratic estimators κ T T , κ T E , κ T B , κ EE , κ EB are used to reconstruct the convergence field.
• Polarisation-only reconstruction where we drop all estimators based on the temperature map and use only the polarisation based estimators κ EE , κ EB .
The reason for studying these two different cases is twofold. First, on the smallest angular scales, the level of foreground contamination is higher in temperature than polarisation [24, 25] . When partial foreground cleaning is possible owing to the multifrequency coverage of S4, the leftover systematic effect due to incorrect foreground modeling could hamper the reconstruction. Moreover, the kinematic SZ (kSZ) effect, present mostly in temperature, has the same black-body spectrum as the primordial CMB and can not be subtracted using multifrequency observation. At the level of precision targeted by CMB S4 experiments this could lead to significant biases in the convergence map. The second reason for ignoring the temperature-based estimators is atmospheric noise. Since the likely implementation of S4 will be in the form of a set of ground-based facilities, the largest The CMB lensing convergence power spectrum is shown as a black solid line. The noise curves correspond to the survey specifications in Table I . angular scales will suffer from contamination due to atmospheric emission (see for example Figure 2 
of [26]).
While the exact level of this atmospheric contamination will depend on the geographical location of S4, as well as on its scanning strategy, we choose to follow a conservative approach presenting as a baseline the results for polarisation-only estimators, where atmospheric contamination is smaller and can be mitigated through the use of half-wave plates [27] . Considering polarisation-only estimators further allows us to fully decouple the measurements of the cluster convergence and thermal SunyaevZel'dovich effect.
The experiment specifications of S4 assumed here are reported in Table I . The frequency channels were chosen to lie on the atmospheric windows, the relative noise levels were defined assuming template foreground cleaning from synchrotron at low frequencies (spectral index β s = −3) and from thermal dust emission at high frequencies (spectral index β d = 1.5). The absolute noise scale was chosen to yield a map-level RMS noise of 1µK-arcmin, and the beam widths correspond to a 3m aperture telescope. We further assume a total surveyed area of f sky = 0.4. The lensing noise corresponding to the two minimum-variance combinations (with and without temperature information) for these specifications are shown in Fig. 1 , and were computed using quicklens [44] .
III. CALIBRATION OF THE Y − M RELATIONSHIP
In this section, we discuss the tight scaling relationship between the integrated tSZ flux Y emitted by a cluster 
FIG. 2:
Mass and redshift distribution of tSZ detected clusters for a CMB S4 experiment, the contour lines correspond to the signal to noise on the mass measurement of each individual cluster using CMB lensing estimated from polarisation data.
and its mass, and how to calibrate this relationship using measurements of cluster gravitational lensing. We start by discussing our method to estimate the statistics of the cluster sample achievable with S4, which determines the accuracy with which this relationship can be constrained. We then consider the empirical Y − M scaling relation 
. We will present forecasts for constraints on the hydrostatic parameter b, on a generic power-law model and on a non-parametric mass-and redshift-dependent Y −M relationship.
A. Cluster detection
The tSZ effect arises due to inverse Compton scattering of CMB photons with the hot electron gas inside clusters, it results in secondary contributions to the CMB anisotropies [28] 
where P e = k B n e T e is the electron pressure, σ T is the Thomson scattering cross-section, and where we have defined the dimensionless Compton-y parameter, y(x).
The spectral signature of the tSZ effect f tSZ (ν) allow us to separate it from other types of emission in microwave frequency bands. We start by defining the cluster detection efficiencỹ
where P det is the probability of obtaining a measurement Y obs 500 for a true integrated tSZ flux Y true 500 , and P SZ is the distribution of integrated tSZ fluxes for clusters of mass M 500 at redshift z, which accounts for the intrinsic scatter in the Y − M relation. We have defined the tSZ flux Y 500 as the normalised integral of the cluster pressure profile on a sphere of radius R 500 . We refer the reader to Appendix A of [29] for a precise definition of Y 500 as well as the formalism used to model the tSZ catalog achievable by S4.
The detection efficiency is determined by the noise in the Y -measurements. For this, and following [29] , we used a matched-filter approach, which allows us to obtain optimal uncertainties simulaneously marginalised over the amplitude of the kSZ effect. We find that S4 will be able to produce a catalog with ∼ 2 × 10 5 clusters for a tSZ signal-to-noise threshold q Y > 6, two orders of magnitude above what is available today. With such a large number of sources, a number of them will inevitably overlap on the sky, complicating the accurate measurement of their individual tSZ or lensing signatures. In order to determine the magnitude of this problem we start by defining the radius θ blend as the aperture containing 95% of the beam-convolved pressure profile for the typical cluster size in the catalog. We then use this value to estimate the fraction of clusters that overlap with other sources within θ blend to be f blend ∼ 0.25. In the rest of this analysis we therefore remove 25% of the cluster sample. Note that this is a conservative approach, since blended sources could in principle be disentangled given an accurate model of their profiles. The mass and redshift distribution of the resulting catalog, as well as the signal-to-noise on individual cluster masses measured with CMB lensing are shown in Fig. 2 . The S/N increases with cluster mass but is not strongly dependent on its redshift.
In the following, we will assume that each cluster in the catalog experiment has a counterpart in an overlapping spectroscopic or photometric galaxy survey, and that the errors on the redshift of individual clusters can be neglected. CMB S4 is currently designed to have a full overlap with LSST [30] and 4MOST [31] , and while redshift uncertainties might play a role in the calibration of the Y − M relationship, they are always subdominant compared to uncertainties in the cluster mass inferred from gravitational lensing. 
B. Hydrostatic bias
As was mentioned in Section I, cluster masses inferred from X-ray observations can be biased due to the assumption of hydrostatic equilibrium (HE). This effect can be taken into account by introducing the hydrostatic bias parameter: M Y = M HE 500 = (1 − b)M 500 . Gravitational lensing of the CMB provides an unbiased way of measuring cluster masses M L = M 500 and can be used to put a prior on b [2] .
The two mass measurements uncertainties are
The relative error on = (1 − b) for a single cluster is then given by:
Assuming independent estimates for each cluster, the un-certainty for the total cluster sample is:
where dV /dz ≡ 4π f sky c r 2 (z)/H(z) is the derivative of the comoving volume as a function of redshift, and n(M, z) is the halo mass function (comoving number density of haloes in a differential bin of mass).
The relative uncertainties corresponding to the two different lensing reconstruction schemes described Section II B are
σ( ) = 3.97 × 10 −3 (Pol. only).
Cluster lensing of the CMB therefore allows us to constrain the hydrostatic bias parameter to sub-percent accuracy. This is useful, not only as a strong prior when extracting cosmological constraints from cluster number counts, but also as a source of information on cluster gas physics. In this computation we have fixed all parameters of the scaling relationship, assuming that X-ray observations could be used to put strong priors on them.
In the following we will show that lensing measurements by CMB S4 could be used to constrain these parameters directly.
C. Scaling relation calibration
In this section we explore the possibility of using CMB lensing alone to constrain the Y − M relationship, thus bypassing the need for X-ray follow-up observations and the uncertainties associated with the hydrostatic bias. We start by parametrising the Y − M relationship as a scaling law
with pivot scale M * = 1.5 × 10 14 M h −1 . We use a Fisher matrix formalism to predict the uncertainties on the amplitude A Y and the power law index α Y . These come from three sources: the measurement uncertainties on the tSZ flux, the intrinsic scatter in the Y − M relationship and uncertainties on the cluster lensing mass measurement. The first two sources of uncertainty are always subdominant compared to the later, and in this section we will assume that they can be neglected. A joint likelihood formalism that consistently accounts for all sources of uncertainty will be presented in Section IV. Within this approximation and assuming Gaussian measurement errors, the form of the likelihood is simple
where
is given in Eq. 8. The Fisher matrix therefore takes a simple form:
and all terms of the Fisher matrix can be computed analytically. Fig. 3 shows the resulting constraints for a S4 CMB experiment where we consider the full reconstruction of the convergence map as well as the reconstruction based on polarisation-only data. The power-law index α Y and the amplitude A Y could be measured at the per-cent level, using only CMB data.
D. Non-parametric reconstruction of the Y-M relationship
The high accuracy on the calibration of the Y − M scaling relation for CMB S4 experiments (> 200σ determination of the hydrostatic bias) leads us to investigate a non-parametric reconstruction of the Y − M relation. The main interest of this approach is the avoidance of a particular modelling prior.
Let us start by defining the redshift-independent observable Y = d 
Under the assumption that the uncertainty in the lensing mass measurement dominates over the uncertainty on Y (which receives contributions from the measurement uncertainties as well as the intrinsic scatter), and following the same χ 2 argument used in the previous section, we can compute the expected errors on M n as Figure 4 shows the 1σ uncertainties on this Y − M relationship for N b = 44 logarithmic bins of mass in the range M ∈ [2 × 10 13 , 2 × 10 15 ] M /h, as well as the signal-tonoise ratio in each bin. Note that while we illustrate the method assuming a simple power-law relation between Y and M , the error on each mass bin is independent of this particular choice, and thus this method could be used This method can, also be used to study the redshift dependence of the Y −M relation. As an example, Figure  5 shows the possible constraints on the non-parametric model in 7 different bins of redshift in the range 0 ≤ z ≤ 3.2. Significant constraints on the scaling relationship can still be drawn in this case in a wide range of masses for all redshifts.
IV. JOINT CONSTRAINTS FROM TSZ AND LENSING MEASUREMENTS
The aim of this section is to provide a general formalism to consistently account for the uncertainties in the Y − M relation when drawing cosmological constraints from cluster number counts. This is of particular interest in the presence of lensing data which, as we have seen, can directly constrain this relation. Assuming that we have measured the redshift z, tSZ flux Y obs and lensing mass M L for each cluster in the catalog, we use as our basic observable the number of clusters detected in bins of these three quantities: We proceed by making the following assumptions:
1. The tSZ and lensing measurements are independent, and the noise on these quantities has a Gaussian distribution. In this case we can write: (21) where N (x|µ, σ) is the normal distribution with mean µ and variance σ 2 , and σ Y and σ L are the errors in the measurement of Y obs and M L . 2. The true tSZ flux and halo mass are related through a stochastic log-normal model, such that log Y = logȲ (M, z) + n Y , where n Y is a random normal variable with mean 0 and standard deviation σ log Y . Y (M, z|p) is a scaling relation dependent on a set of nuisance parameters p that we will specify later on. We can then write
and n(M, z) is the halo mass function.
3. Finally, we assume that the fluctuations in the counts of objects in different bins of q Y , z and M L are independent and Poisson-distributed, such that the likelihood for a given set of counts N obs is:
is the mean number of clusters given above, which depends both on the cosmological parameters and the Y − M relation.
Expanding Eq. 24 around the maximum likelihood point, we find the expression for the Fisher matrix [32] :
We can then produce forecasts for cosmological constraints from number counts consistently marginalised over the Y − M relation by computing the Fisher matrix above including both the cosmological parameters and the mass calibration parameters p. For this analysis we will use a generalised version of the simple scaling relation 8 to account for additional variation with respect to mass and redshift:
The set of nuisance parameters for this model is there-
, for which we will use the fiducial values reported in [2] : p = (3.35 × 10 −10 srad 2 , 1.79, 0, 0, 0.127) (for a pivot scale M * = 1.5× 10 14 M h −1 ). We produce constraints for a cluster sample divided into 64 logarithmic bins of q Y and M L in the ranges q Y ∈ [6, 500], log 10 M κ /(M h −1 ) ∈ [12.5, 15.5], and 10 bins of redshift between z = 0 and z = 2. Note that in principle it should be possible to use much narrower redshift intervals, however we choose to use wide bins (∆z = 0.2) to justify using a purely Poisson likelihood, ignoring the sample covariance caused by the average fluctuation of the density field inside each bin [33] .
In order to include in our forecasts the cosmological constraints achievable with other complementary probes, we have also carried out a Fisher matrix forecast for measurements of the CMB primary and lensing power spectra using the formalism described in [34] . In this case we have considered two experimental setups, corresponding to S4 as described in Table I , and to the Planck experiments [35] , modelled assuming a map-level RMS noise of 43µK-arcmin, a Gaussian beam of 7 arcmin FWHM and a sky fraction f sky = 0.7. In both cases we impose a maximum cut of max = 3000 in intensity and max = 5000 in polarisation, and in the case of S4 we assume a minimum cut of min = 30. When combining both experiments we assume S4-only and Planck-only constraints on 40% and 30% of the sky respectively for > 30, and Planck-only constraints on 70% of the sky for 2 < < 30. The resulting Fisher matrix is then directly added to the Fisher matrix for cluster number counts computed as described above, under the assumption that the constraints from both probes are uncorrelated. In all cases we marginalise over a set of 7 cosmological parameters: the matter density parameter Ω m , the baryon fraction f b ≡ Ω b /Ω M , the Hubble parameter h, the scalar spectral index n s and amplitude A s , the optical depth τ and the sum of neutrino masses m ν . For these parameters we use the fiducial values mentioned in Section I, as well as the value m ν = 60 meV, corresponding to the lower limit allowed by neutrino oscillation experiments. Together with the cluster nuisance parameters introduced above we therefore consider a 12-dimensional parameter Uncertainties on the cluster nuisance parameters marginalised over the cosmological parameters for an SZ survey carried out with S4 without lensing information (black ellipses), with lensing masses reconstructed using only polarisation information (red ellipses) and using also temperature (green ellipses). In all cases we include prior information on the cosmological parameters from Planck.
space. Power spectra were computed using the public code CLASS [36] .
The red and green ellipses in Figure 6 show the constraints on the nuisance parameters of the scaling relation for lensing mass measurements carried out using polarisation-only quadratic estimators, and all estimators respectively. The constraints are marginalised over all cosmological parameters, and show the small effect of discarding temperature data on the cluster parameters. It is worth pointing out that, even in the absence of mass measurements it would be possible to constrain the parameters of the Y −M relation to some extent, since they affect the observed cluster mass distribution, which is independently constrained from N-body simulations. The achievable constraints in the absence of cluster lensing masses are represented by the black ellipses in the same figure. The effect of cluster lensing information on the constraints for the most relevant cosmological parameters is shown in Figure 7 using the same color code. Of particular relevance is the factor ∼ 3.3 improvement in the uncertainty on the sum of neutrino masses, a key science case for S4. We further showcase the role of cluster number counts in constraining this parameter in Figure 8 . While the constraints on m ν from cluster abundances alone are irrelevant given current bounds, and achievable constraints with S4 in combination with Planck using only power spectrum information would not yield a significant measurement of neutrino masses, the combination of both probes can efficiently break degeneracies between different cosmological parameters, enabling a ∼ 5σ measurement of m ν (σ( m ν ) = 13.2 meV) when using lensing mass information to constrain the Y − M relation. 
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FIG. 8: Posterior distribution for the sum of neutrino masses for different experiment configurations: S4 primary and lensing power spectra (gray curve), S4 power spectra and Planck primary on < 30 (orange curve), S4 and Planck power spectra together with SZ number counts from S4 in the absence of lensing masses (green curve) and for lensing masses measured using only polarisation information (blue curve).
V. DISCUSSION
We have studied the potential of using CMB lensing by clusters to calibrate their masses in the era of CMB Stage-4 experiments. We have found that CMB S4 will allow a sub-percent determination of the hydrostatic bias parameter relating the mass inferred from X-ray observation to the true cluster mass. We have then extended the model and shown that the large number of detected clusters and the low uncertainties in the reconstructed convergence maps could be used to calibrate the Y − M relationship using solely CMB data. We have also studied the constraints on a non-parametric reconstruction of the Y − M relationship which can be used to study the evolution of this relation with mass and redshift with high significance over a wide range of masses. Throughout the paper we have studied the impact of discarding temperature data in the reconstruction of the convergence field. This is an important comparison, since the temperature data from Stage-4 CMB experiments will suffer from atmospheric contamination and residual foregrounds. Finally we have presented a joint likelihood for tSZ and lensing mass measurements allowing us to forecast constraints on cosmological parameters while consistently accounting for the uncertainties in the Y − M scaling relation.
The method presented here relies on a number of assumptions. Testing and characterising the effect of each of these assumptions is the subject of future work but it is worth quoting the following caveats, which might affect future analyses with real data:
• Throughout this paper, we have modelled the lensing field and the lensing reconstruction noise as Gaussian fields. At the level of precision achieved by CMB Stage-4 experiments this assumption may break down [37, 38] , and the non-Gaussian contribution to the signal and/or the noise should be studied in detail.
• We used a Poisson likelihood for cluster number counts. While this is commonly used for current cluster catalogs, the high number of clusters detected in the CMB S4 catalog might require a more sophisticated treatment. Studies of possible departure from Poisson for cluster number count can be found in [33, 39, 40] , where a sample variance term is added to the Poisson shot-noise term to account for the fact that cluster are peaks of the same underlying density field. In our analysis we have used wide redshift bins to reduce the impact of sample variance.
• We have not included the covariance between the CMB lensing power spectrum and cluster counts calibrated using CMB lensing when constraining cosmological parameters. In practice, the full covariance could be constructed from Monte-Carlo simulations while analysing CMB S4 data (e.g. see [41] ).
• The cluster mass function used to determine cosmological parameters is a fit to N-body simulations [16] . In order to achieve the accuracy required for S4, in particular for non-standard scenarios such as massive neutrinos [42] , a better understanding of the theoretical uncertainties in the mass function is necessary, in particular regarding the effects of baryonic physics [43] .
• Finally, we have assumed knowledge of the cluster mass [21] and pressure [6] profiles, and this assumption allows us to devise a minimum-variance estimate of Y and M from the data. However, this needs to be validated using hydrodynamic simulations at the level of precision corresponding to the uncertainties on cosmological parameters. A more careful analysis of cluster de-blending is also necessary While more work need to be done to address each of these issues, we have shown that using cluster lensing to calibrate cluster masses has an important potential and could play a role in the future determination of the sum of neutrinos masses. This, combined with particle physics measurements, could allow us to distinguish between the normal and inverted hierarchies, thus opening a new window on fundamental physics.
